The linear canonical transform (LCT) is the name of a parameterized continuum of transforms that include, as particular cases, many widely used transforms in optics such as the Fourier transform, fractional Fourier transform, and Fresnel transform. It provides a generalized mathematical tool for representing the response of any first-order optical system in a simple and insightful way. In this work we present four uncertainty relations between LCT pairs and discuss their implications in some common optical systems.
INTRODUCTION
The linear canonical transform (LCT) is a four-parameter ͑a , b , c , d͒ class of linear integral transform [1] [2] [3] [4] [5] [6] [7] [8] [9] . It provides a canonical formalism for the response of a very large class of physical systems. LCTs have been reinvented or reconsidered by many authors under many different names at different times in different contexts [2] , a fact that implies universal importance of the transform. The LCT is also known as the generalized Fresnel transform [10] , ABCD transform [11] , Collins formula [12] , generalized Huygens integrals [13] , and Moshinsky and Quesne integrals [14] , and it is the core of the offset LCT [15, 16] , also called the special affine Fourier transform [17] .
The LCT is a powerful tool in optics because it describes the effect of any quadratic phase system [18] . For instance, since the LCT generalizes the Huygens integral [13] , it completely describes the operation of any paraxial optical transform and of any combination of such transforms.
The classical Heisenberg-Weyl uncertainty principle (HWUR) gives us information about a function and its Fourier transform; it states that if we try to limit the behavior of one, we lose control of the other. Probably its main implication in physics and in optics in particular, is that it defines a lower bound for the product of a signal spread and its bandwidth. For example, it implies that the product of the effective widths of the light intensity in the space and frequency domain has a lower bound and that this bound is reached when the light is completely coherent and Gaussian. In signal processing the HWUR is commonly used to study localization in time-frequency analysis. In this paper we present four uncertainty principles in LCT domains and give examples of their applications for some optical systems, such as optical Fourier transformer, free-space propagation, imaging systems, diffraction through an aperture, beam focusing, and pulse propagation through optical fibers. Some of the uncertainty principles presented generalize other previously developed uncertainty principles for special cases of the LCT.
This paper is organized as follows. In Section 2 we give a brief background on the LCT. Next, in Section 3, we present the four uncertainty principles for LCT pairs. Each uncertainty principle is followed by a short discussion and by examples of some of its implications in optics. We demonstrate that those principles can lead easily and elegantly to some well known results that otherwise are typically obtained with more labor. We conclude in Section 4.
LINEAR CANONICAL TRANSFORM
The LCT with parameters ͕a , b , c , d͖ of a function f͑x͒ is defined as
where ͗·,·͘ denotes the inner product operator, M ϵ ͑ a b c d
͒,
and det͑M͒ = ad − bc = 1. For the case of b = 0 the LCT is defined as the limit of Eq. (1) with ͉b͉ → 0, yielding [1] :
One may observe that only three free parameters are used in each of Eqs. (1) and (2) . The only constraint on all four parameters is the requirement of unity determinant of the matrix M. Indeed, the LCT can be defined also using only three parameters [2] . However, we prefer here the four-parameter representation because it is more convenient in the representation and analysis of optical systems [2, 6, 8] .
It is easy to verify that the LCT with parameters ͕a , b , c , d͖ = ͕cos , sin , −sin , cos ͖ reduces to the fractional Fourier transform (FRFT) [2, 19] , which, in the specific case = / 2, becomes the Fourier transform. With parameters ͕a , b , c , d͖ = ͕1,b ,0,1͖ the LCT reduces to the Fresnel transform [2] . Multiplication by Gaussian or chirp function is obtained with an ͕a , b , c , d͖ = ͕1,0,c ,1͖. The scaling operator can be viewed as a special case of the LCT with ͕a , b , c , d͖ = ͕d −1 ,0,0,d͖. Cascading of these operations, or of any other two LCTs, yields another LCT with an equivalent M matrix according to the additivity property:
This property is very valuable for analysis of first-order optical systems, as it provides a simple and insightful tool for evaluating the output of a cascade of such systems. From Eq. (3) we also see that the inverse LCT is obtained by an LCT with M
In the rest of the paper we restrict ourselves to the class of LCT with real parameters ͕a , b , c , d͖. In such cases the LCT operator is unitary in L 2 ͑R͒ [1, 8] . We also will assume that f͑x͒ L 2 ͑R͒; that is, f͑x͒ is a square integrable function in Hilbert space (i.e., has finite energy). Associated with the unitarity property is the generalized Parseval relation:
and real , 0 and x 0 parameters. Relation (11) is mentioned in [1, p. 392] without the proof. Here we provide the proof in Appendix A.
We note that the uncertainty relation (11) generalizes other previously developed uncertainty relations. In the particular cases of an LCT with parameters ͕0,1,−1,0͖ implementing a FT, relation (11) reduces to the wellknown HWUR. Additionally, we see that the HWUR holds for any LCT pair with ͑a , ±1,c , d͒. For an LCT with parameters ͕cos , sin , −sin , cos , ͖ relation (11) reduces to the uncertainty principle previously developed for FRFT pairs [20] . 
a The symbol ‫ء‬ in property 8 denotes convolution, and in property 9 denotes correlation.
Relation (11) reveals that the output of a system that performs an LCT cannot be narrower than ͉b͉ 2 /4 f͑x͒ 2 . As in the case of Fourier pairs, we see that if f͑x͒ is narrow, then f M ͑y͒ must take significant values over a large segment of the y axis. However, unlike for Fourier pairs, this inverse relation is dictated by the parameter b. This indicates that the spread of f M ͑y͒ can be made arbitrarily large by applying a system performing LCT with sufficiently large b. For example, in free-space propagation described by an LCT with M = ͑ 1 b=z/2 0 1 ͒, we can make the output field arbitrarly wide by choosing z sufficiently large regardless of the distribution of the input field. However, for optical systems with bounded b parameters, such as those performing Fourier transform (FT) or FRFT, the spread of f M ͑y͒ cannot be made arbitrarly large by controlling the LCT parameters only.
In many applications we are interested in an output with very compact support (e.g., pulse compression, beam focusing, and remote imaging). From Theorem 1 we see that a necessary condition for narrow output is for parameter b to be sufficiently small. For example, in the limiting case ͉b͉ → 0 the LCT approached the transform in Eq. (2) that simply modulates and magnifies or demagnifies the input function. An ideal imaging system is an example of a system that performs LCT with b = 0. Clearly, with proper choice of the magnification parameter d, the demagnified image may be arbitrarly narrow, regardless of the input image.
It is interesting to note the fact that the effective spread of the LCTed signal is dictated only by parameter b in accordance with the fact that the sampling criteria for LCT pairs is also dictated only by parameter b; the minimum sampling interval for a function f͑x͒ that has a LCT with compact support such that f M ͑y͒ = 0 for ͉y͉ ജ L / 2 is 2͉b͉ / L [9, 16] .
Theorem 1 also indicates that the most compact output of a system performing LCT is obtained for a complex Gaussian field (possibly modulated and shifted) f͑x͒
2 ͔ . The spread in x domain of the squared modulus of such a Gaussian is f͑x͒ = ; hence, from Theorem 1 the spread of the modulus of the output is
Consider, for example, that the field f͑x͒
2 ͔ is at the input of an optical Fourier transformer, which is an LCT with parameters ͕0,1,−1,0͖. 
B. Uncertainty Relation for a Real or Complex Function and the Fourier Transform of Its LCT
In many practical cases we are interested in the bandwidth of the output signal. Let us define the bandwidth of the output f M ͑y͒ of an optical system performing a LCT as the variance of the Fourier transform of f M ͑y͒,
where F denotes the Fourier operator, F͕f M ͖͑ y ͒ = ͐ −ϱ ϱ f M ͑y͒e −jy y dy, and
Theorem 2: The variances of a real or complex signal f͑x͒ and of the Fourier transform of its LCT f M ͑y͒ with
where y 2 is defined in Eq. (13) ͒; therefore from property (3) we have: Note that by adding the realness constraint on f͑x͒, we obtain in Theorem 3 a tighter lower bound on the product of the spreads of the signal and its LCT than in the general case of Theorem 1. An intuitive way to explain this result is that since we consider a reduced class of input signals (only real ones) to the LCT-performing system and since LCT mapping is one to one, the class of the output signals is also smaller, not containing the narrowest signals obeying the lower bound of inequality (11) .
C. Uncertainty Relation for a Real Function and Its LCT Pair
We note that the result of Theorem 3 simplifies to the HWUR in the case that the LCT is a FT. In the particular case that M = ͑ cos sin −sin cos ͒, relation (17) reduces to a similar relation developed for FRFT in [21] .
Let us consider Theorem 3 in the realm of wave propagation through an aperture. Immediately after crossing the aperture the field has some effective width x 2 dictated by the aperture width. After propagation a distance z the transversal distribution of the field can be described by a LCT with parameters ͕1,b = z /2 ,0,1͖, as mentioned in Subsection 3.A. Therefore relation (17) becomes
implying that for short z the effective spread 2 y is slightly larger than that at the aperture plane 2 x and for large propagation distances z (i.e., in the Fraunhofer region) the spread of the field is dictated mainly by the diffraction limit; i.e., it is proportional to z and inversely proportional to the field spread in the aperture plane.
Relation (17) 
͑19͒
This relation can also be obtained from Eq. (17) with b = z /2, standing for free-space propagation, and noticing that w 0 2 =2 x 2 . Theorem 3 also informs us that a beam with any other profile than Gaussian will have a larger waist than indicated by Eq. (19) . Next let us consider focusing a Gaussian beam. A focusing device is characterized by an LCT with parameters ͕1,0,−2 / f foc ,1͖, where f foc denotes the focal length. Consequently, using Theorem 3 we find that the beam waist in the focal plane is w f 2 = w 0 2 . Our next example is from the field of pulse propagation in optical fibers. Suppose that a quasi-monochromatic pulse with envelope f 0 ͑t͒ enters a dispersive optical fiber. Assuming negligible third-order dispersion, the pulse at distance z within the fiber is given by [22] 
where F denotes the Fourier operator, tЈ is a shifted time coordinate accommodating to the reference frame moving with the pulse, and ␤ 2 denotes the group velocity dispersion. For a Gaussian input pulse to a fiber of length z = L the pulse broadening factor is given by ([22, p. 49])
where 0 2 and z 2 are the input and output pulse variances, respectively. The same result can be obtained by identifying Eq. (20) as an LCT with parameters ͕1,b = ␤ 2 L ,01͖ together with the equality case in relation (17) .
D. Uncertainty Relation for a Real Function and the Fourier Transform of Its LCT Theorem 4:
The variances of a real signal f͑x͒ and of the FT of its LCT f M ͑y͒ satisfy
where x 2 ϵ f͑x͒ 2 and y 2 is defined in Eq. (13) .
Proof: Theorem 4 follows readily from Theorem 2 and the arguments used in the proof of Theorem 2.
Suppose that f͑x͒ passes through an optical Fourier transformer, which is an LCT with parameters ͕0,1, −1,0͖. The Fourier transform of the output is f͑−x͒ having the same spread w y as the input signal, which is in agreement with relation (17) substituting c = −1, d =0.
CONCLUSIONS
Referring to optical systems represented by an LCT, we have presented uncertainty relations between the spreads of the input and the output and between the input spread and the output bandwidth. We have considered general (complex or real) input signals and the case of the real input signal. Real input signals yielded a tighter lower bound on the product of the input and output spreads and on the product of the input spread and output bandwidth. Considering some representative optical transforms, it was shown that the uncertainty relations yield results similar to those obtained with classical theory. The uncertainty relations presented can be applied for any particular quadrature phase systems by substituting the appropriate LCT parameters.
APPENDIX A
Proof of Theorem 1 (following [16] ). Let us define the function G͑y͒:
͑A1͒
By substituting in expression (8) we observe that (11) .
Common proofs of the Heisenber-Weyl principle (e.g., [23, 24] 
APPENDIX B

Proof of Theorem 3:
We will follow the scheme commonly used to prove the Heisenberg-Weyl uncertainty relation (see, for example, [23, 24] ). Let us first assume that f͑x͒ and f M ͑y͒ are centered on the origin in the x and y domains; that is, u and defined in Eqs. (9) and (10) are zero. In such a case, using property (6) and the Parseval identity (5) we obtain
͑B1͒
Note that if f͑x͒ is real, then
which substituted in Eq. (B1) yields
Applying Schwartz's inequality on the integral in the right-hand side we obtain
͑B3͒
which is exactly the same as the integral that appears in Weyl's proof [23] 
͑B5͒
The assumption lim ͉x͉→+ϱ ͱ xf͑x͒ = 0 holds if we assume that x 2 = 1 E ͐ −ϱ ϱ x 2 ͉f͑x͉͒ 2 dx is finite. Otherwise relation (17) is trivially true. Substituting Eq. (B5) in Eq. (B3) and observing that ͐ −ϱ ϱ ͉xf͑x͉͒ 2 dx = E 2 x 2 leads to relation (17) , completing the proof for the case u = =0.
If u 0 and 0 we can repeat the above proof with the centralized function f c ͑x͒ = f͑x + u͒, which we will show has u c = c = 0 and the same spread in the x and y domains as f͑x͒. From definitions (7) and (9) The last equality follows from the observation that ͐ −ϱ ϱ x͉f͑x͉͒ 2 dx = Eu and since for real f͑x͒ the integral ͐ −ϱ ϱ f * ͑x͒
